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1 Introduction

In this Technical Report the proofs of the Bayesian Cramer Rao bound (BCRB), extended Ziv
Zikai bound (EZZB) and Weiss Weinstein bound (WWB) are provided for localization systems
endowed with map knowledge. For a description of the notation used in the derivations and for a
discussion of the bounds, please refer to [1, Sec. II] and [, Sec. III], respectively.

2 Derivation of the BFIM for Generic-Shape Uniform Maps

We start the derivation for the BFIM associated to uniform maps introducing some properties for
the smoothing function mentioned in [I, Sec. II] which is used to model the map pdf. Then the
1-D BFIM is obtained and later extended to 2-D case, thus proving [I, Eq. (8)].

2.1 Modelling of the Pdf

Let s(t) be a continuous and differentiable function s : R — R. Assume that s(¢) has the following
additional properties: 1) s(t) > 0Vt € R; 2) [ s(t)dt = 1; 3) 82—(:)dt = 0; 4) s(t) has support
[—1;+3]; 5) s(0) = 1.

The function s(-) is then a pdf function (assumptions 1 and 2) and has an associated a-priori
FI J, (assumption 3 is the regularity condition that grants the FI existence) [2]. The assumptions
4 and 5 finally assure that s(-) can be used to model bounded statistical distributions i.e. maps
as we defined in [I, Sec. II}, eventually with some scaling and translation.

A function s(-) satisfying the conditions above is dubbed in [I] as “smoothing function”. Ex-
amples of functions that satisfy those hypotheses are:

L os(t) =g (t+3;0) g (—t + 3;6) where g(t;6) = % and f(t) £ e tu(t);

2. s(t) =g (t+ 2;6) g (—t + 3;0) where

0 t<—9o
gt:0) £ —dm+ 24l —5<t< 45
1 t>+0

Note that in the examples above § € (0; %] is a parameter which defines the steepness of the pdf

s(t), so that lims o g (t;9) = u(t), where u(t) is the unit step function (which however does not
have an associated FI). In the latter example, the associated FI is easy to compute in closed form:
1,(6) = 23



Finally note that 3(¢,a,b) = %s (t_T“) is still a pdf function and its associated FI is:

ven (G (50) p o () } -

2.2 Derivation of the BFIM for 1-D Maps

Considering a unidimensional (1-D) scenario, where the agent position to estimate is the scalar .
The support R C R of a 1-D uniform map can be always represented as the union of N, disjoint
segments spaced by N, — 1 segments where the map pdf f(x) is equal to 0. Let the NN, segments of
the support R be indexed by the odd numbers of the set N = {1,3,...,2N, — 1} and let ¢, (w,,)
denote the centre (width) of the n-th segment, with n € N°. Then the map pdf f(x) associated
with this scenario can be expressed as

_ b Z (I_C"> = e 2 Wil e, ) (1)

ne/\/’o neNo

where Wr £ 3" 7w, and §(-) is the smoothing function as defined in Sec. .

2
The a-priori FI associated with f(z) is J, = E, { <m%—’;(x)> } [2]. To simplify the expression

we consider that a) for each value of x there is only one rectangle at most for which (mnf ) # 0,

and b) varying = over R, all rectangles contribute to the FI integral. Thus the FI can be written
as the sum of the FI contribute of each rectangle:

2.3 Derivation of the BFIM for 2-D Maps

Consider a 2-D smoothed uniform map f(p) with support R C R?; exploiting some definitions
given in [I Sec. IT] and assuming that the smoothing along = and y are independent, the pdf for
an arbitrary smoothed uniform 2-D map can be put in the form:

f0) = 4 T (£t PR (Lot 3)



where ¢, ,(y) (¢ym(x)) and w,(y) (hy,(x)) denote the centre and the length, respectively of the
n-th (m-th) segment and where s(-) is a smoothing function as defined in Sec. 2.1 Also note that
91n f(p)

the regularity condition Ep { } = 0 is easily verified thanks to the linear operators involved

and s(-), which is assumed to respect that condition.
The a priori BFIM, using the iterated expectation and focusing on the FI for the coordinate
x, can be written as [2]:

ol 2 E, { (ala—ﬂp))} -E, {Exw { (ala—f(p))}} (@)

Then, if we ignore the smoothing for the y coordinate, that is we introduce the approximation

) ~ AL T (a: - cx,n(y)) _ Wjiy) W;( ) o (w = cx,n(y)>

R N W) Wi N W)

where Wr(y) £ 3, NP W) wy(y), we reduce the evaluation of the inner expectation to the evalu-

ation of the FI of a 1-D map composed by N, = Nj(y) segments having widths {w, (y)} and centred
around the points {c,,(y)}. Thus, using the result obtained in Sec. [2.2] it is easily inferred that

ol f(p)\*| . Wrly) s L
E'{( or >}2 e Welw) 2w ©)

neNP (y)

Substituting the last result in the RHS of produces

who= g, X amlome ) 3 G

Y nen; oY)

(6)

’T'L

where f(y) = [ f(p)dz is the pdf of y only and it has been ignored in the integral since the
smoothlng is assumed to affect a small portion of the integration domain.

Symmetrically, ignoring the smoothing for the x coordinate, an approximated expression for the
FT1 relative to the coordinate y is obtained. Note however that the two approximations previously
mentioned, considered together, are exact only for rectangular maps. Also note that the cross-
terms [Jp],, and [Jp],, of the BFIM are non-zero if and only if the parameters z and y are
independenlc (like in a 2-D rectangle); in general, because of the smoothing this is not exactly true,
but such dependence is typically weak, so that a good approximation for the BFIM is given by:

Jp —dlag / Z

nGN"

(7)

mGN"



which coincides with [T, Eq. (8)].
Note that the BCRB for a generic estimator p(z) of p based on the observation vector z is
given by

and is obtained from assuming a specific observation model which connects z with p and

employing the relation:
J = Jup +Jp

, , T
where J,;, £ E,p {—% [% In f(z|p)] } and J, is given, in this contest, by .

3 Derivation of the EZZB for Generic-Shape Uniform Maps

In this Section we prove the EZZB expression presented in [I, Eq. (12-13)] using the derivation of
[3, Sec. I1.B] as guideline. Then the EZZB derived is evaluated for 1-D maps and extended to the
2-D case, resulting in [I, Eq. (14)].

3.1 Derivation of the EZZB

Consider a random vector p € R C R?; the Bayesian mean square error matrix (BMSE) associated
with a generic estimator p(z) of p based on the observation vector z is given by

A (5(z)) 2 Epyp { (B(2) —P) (b(2) —P)"

If the identity [4, p. 24] is considered, then:

X 1 [~ h
B2 NG, = [ Pr{lel = g fhan )
0
where E, is the estimation error for the coordinate v, & = [p(z) —p],, P(z) is some generic

estimator of the r.v. p based on the observation vector z and v € {z,y}. Then, trivially
Pr {]f,,\ > %} = Pr {fl, > %} + Pr {f,, < —%}; if we consider two events with non-zero probab-
ility p = p, and p = p,, we can express the inner term of as:

h h h
pe{ielz 5 b= [ prfe s Sp=n}stonin+ [ pefe <-Sp=n}roin o)

where f(-) is the a-priori pdf for the parameter to estimate p. If we let p, = p and p, = p+d(h),
where §(h) is some function of the integration variable of () and we constrain the integrals of (9]

5



on a subset R(h) of the map support R, such that f(p) > 0 and f(p+ d(h)) > 0 (and thus the
conditional probabilities of @ are meaningful), then we can divide and multiply by the quantity
f(po) + f(py) = f(p) + f(p+8(h)) > 0 and obtain the same result reported in [3, Eq. (22-30)]:

Pe{lel =5} = [ 100+ 1o 800 P (o S0 (10)

which holds for any §(h) satisfying the equality a’d(h) = h, where a € R2. Note that
generalizes [3, Eq. (30)] to the case where the pdf f(-) of the parameter to estimate has a bounded
support. Here a = e, is selected so that §(h) = he,; this choice allows us to obtain a bound on the
estimation error variances. Then substituting in produces [I, Eq. (13)], which is reported
here for reader convenience:

B2 2,25 [ 11(0)+ 5 (-4 hes)) P2, (p.p+ he,) hidpdh (11)

where v € {z,y}; note that the integration domains of h and p have been merged in the set P,,:
Py 2 {(hp):h=0AF(p)>0Af(p+he,) >0} C R
and that the complete bound is written as
A(B(2) = Z 2 ding {Z,. Z,)

or equivalently
E 2 diag {E,, E,} = Z (12)

3.2 Derivation of the EZZB for 1-D Maps

Let us evaluate now for a 1-D uniform map whose support R C R consists of the union of N,
disjoint segments and where the agent position to estimate is the scalar x. In the following such
segments are indexed by the odd numbers of the set N° = {1,3,...,2N, — 1} and the lower (upper)
limit of the segment n € A/ is denoted I,, £ ¢, — e (up, L+ %), where ¢, (wy,) represents the
centre (length) of the segment itself. Moreover, it is assumed, without any loss of generality, that
c1 <cg<...<CN,—1-

Note that in this context, the smoothing function which is required for the BFIM analysis (see
Appendix2.1)) is not used, and the truly uniform map model is adopted. Eq. can be adapted

to 1-D scenario:

// )+ f(r+h)]P: (7,7 + h)hdrdh (13)



where p = 7, P = {(1,h): h>0A f(1) >0A f(r+h) >0} and P? (7,7 + h) represents the
minimum error probability of a binary detector which, on the basis of a noisy datum z and a
likelihood ratio test, has to select one of the following two hypotheses Hy : * = 7 and H; : © = 7+h.

We note that: a) because of our uniform map assumption, for any (7,h) € P, f(7) + f(7 +

2

h) = 3~ (with Wg £ 3 e Wn), because of the uniformity of the considered map; b) the

prior-probabilities of the hypotheses Hy and H; are the same and the maximum-likelihood rule
is thus the optimal detection rule: H,,(z) = arg maXge(m,,m} J(2|H). Assuming a Gaussian
observation model z = = + n, where n ~ N(0,0%), we obtain f(z|H = Hy) = N(z;7,0?) and
f(z|H = Hy) = N(2;7 + h,0?). The optimal detection rule thus becomes

. Hy 2<t+2%
Hopi(2) = Z
H1 Z>t+§

and its probablhty of error is P?, (1,7 +h) = S erfc <2 \[> so that P? (7,7 + h) is not a function
of 7 and ((13)) further simplifies to:

_ ﬁ// herfc( ghf> dr dh
- // uerfc( )dtdu (14)

where u £ h/o, t £ 7/o and Q = {(t,u) :u > 0A f(ot) > 0A f(o(t +u)) > 0} can be shown
to be a 2-D domain consisting of the union of N, triangles and N, (N, — 1)/2 parallelograms in
the plane (¢,u), as exemplified by Fig. [l which refers to the case N, = 3. In particular, the
contribution to from the i-th triangle Q; £ {(t, u) % <t<EAO<u<®— t} is

2W72// uerfc( 2) dt du = QWR /_ /Juerfc( )dtdu
QWR/ / uerfc< )dtdu

QWR/O (pi — u) uerfe (2\/5) dt du

which can be written in a compact form as C (pi), where p; £ w;/a, pyy = Wg /o, the function

C(p) is defined as
0= | p<p ~wperte (=) du (15)

7




and i € N°.

As far as the parallelograms are concerned, the i-th map support segment, for some val-
ues of h, will overlap with all previous segmentsﬂ generating the parallelograms shown in Fig.
; let the overlap of the i-th segment with the (i — 1)-th segment define the subset Q,,; =
(tu): b <t<Upnb g <yu<—t} withi € N2 {2,4,..,2(N, — 1)}; then the integral of
1) over Q,,; contributes the term ;;—;Cov(pﬁi,pi_l,pi), where pa, £ Ax; /0y, Axg 2 1; — uy
and Cop(pa, p1,p2) is defined as

pATP2
ov y P15 = u — u erfc (L> du+
ool p) & [ pauerte (2

/‘PAJFPI . < u ) dut
pauertc | ——= | du
patp2 2\/5

pPATPLTP2 U
4+ p1 + ps —w)uerfe | —= | du 16
[ st et () (16

A+p1
for p1 > P2 (lt can be shown that Cov(pA)pla p2) = Cov(pAa ,02701))-

We then note that the contributes to of the overlaps of the i-th segment with the (i —2)-th,
(1—3)-th, ..., 1st segment are always positive since the integrand u erfc (2\%) > 0, given that u > 0.
Thus neglecting such regions of the plane (u,t), i.e. restricting Q to (Uiv;l Qn) U <Ufy;il Qov7n>,
a lower bound on the EZZB Z is obtained. This choice allows us to derive a bound with a tractable

analytical expression: summing together the N, contributes of and the N, — 1 contributes of
, the lower bound becomes:

E2X(3(z)> 2> 2‘;—; [Z Clon) + Y Cou (mn,pnl,pnﬂ)] (17)

neNe neNe

where A (2(2)) £ Es(). {(:ﬁ(z) —x)(2(2) — [E)T} is the BMSE for the 1-D estimator z(z).

Tt is more formally accurate to write that, decomposing f(7) as f1(7) + f2(7), where fi(7) is the pdf associated
with the first segment parametrized by (c1,w;) and fo(7) is the pdf similarly associated with the second segment
(c2,w2), then the support of fo(7 + h) will overlap with the support of fi(7) for some values of h. In the following
however, for the sake of brevity, we will refer to the “overlap of the pdf supports” just as the “overlap of the
segments”.



3.3 Derivation of the EZZB for 2-D Maps

Consider a 2-D uniform map f(p) = f(z,y) with support R C R?; writing for v = x, the
EZZB is written as

E,> 7, = /// (1,0) + f(T + h,v)] P% _(p, p + he;)hdr dv dh (18)

where P, = {(h,7,v) :h > 0A f(1,0) > 0A f (T +h,v) >0} C R®and p £ [r,v]?. Note that P,
is the straightforward extension of the integration domain P appearing in Sec. [3.2 The minimum
error probability PZ% (p, p+ he,), adopting the Gaussian observation model f(z|p) = N (z; p, X),
with ¥ = diag {ax, y} is computed using the optimal detection rule Hoptx( z), whose expression
is similar to the one obtained for 1-D maps:

A Hy z.<x+ u
HOPW(Z) = ;21
Hy z,>x+735

where z £ [z, zy]T. Its probability of error is thus, unsurprisingly, the same as in the 1-D case:

Pz (p,p + he,) = 5 erfc (20h \/5> = PZ (7,7 + h). Furthermore, with few regularity assumptions

on the map support, the integral over P, can be decomposed as the integral over (h,z) and y:

/{ // (1,v) + f(T + h, U)]Prim(T,T—l—h)thdh} dv (19)

where P, (v) = {(h,7) : h > 0A f(r,0) > OA f(T + h,v) > 0} is the slice of P, C R? at coordinate
v and the expression inside the curly brackets is recognized to be the EZZB for a 1-D map (see
(13)), function of the integration variable v, whose number of segments N,.(v) = Nj(v) and the
lengths of the 1-D segments are given by {w,(v)}; the distance between the (n + 1)-th and the
n-th segment at ordinate v is then Aw,(v). Thus, plugging into it is easy to obtain:

o e ]|

neN? (v neNE(v)

Repeating the proof for the dual coordinate v = y, the EZZB expression

EEZ:diag{

22673/3, 3 C(wr;(y)>+ 3 )Cov<Au;7;(y)7wn;(y)7wnz(y)> .

neNE(y

9
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o
rr AP

meN (x

ham () Db (x) hm1(2) I ()
)C(U—y)+ > Cov( , , ) dr b (20)

g o o
meNE(z) Y Y Y

is found, where E £ diag {E,, E,}. Note that (20 coincides with [I, Eq. (14)].

4 Derivation of the WWB for Generic-Shape Uniform Maps

In this Section we prove the WWB expression presented in [I, Eq. (20)] using the derivation of
[5] as guideline. Then the WWB is derived for N-D maps and finally specialized for 2-D case,
resulting in [I, Eq. (22-26)].

4.1 Derivation of the WWB

Consider a random vector p € R C RY; the Bayesian mean square error matrix (BMSE) A (p(z))
associated with a generic estimator p(z) of p based on the observation vector z is given by

>

A (B(2)) 2 Epayp { (B() — P) (b(2) — P)" |

The WWB on such estimation error covariance is given by [B, Eq. (7)]:
A (p(z)) = HG'H” (21)

where H = [hy, ..., hy] is a matrix of test vectors h; € RY and the matrix G is given by [5, Eq.
(8)]
E,p{r(z,p:h;,s;)r(z,p;hj,s;)}

(CI—
Gl = B, T (zp + 0 p) Bug (L% @ + By, p)]

(22)
where
r <Z7 p; h;, 5@') £ Lo (Z; p + h;, P) — L' (ZE p — h;, P) (23)

and s;, with ¢ = 1,..., N is a scalar optimization parameter. The inequality holds for any
couple {h;, s;}with ¢ =1, ..., N, such that G is well defined and invertible.
The tightest bound is obtained optimizing against the {h;, s;} parameters:

A(p(z) = sup HG'HT (24)
{hi,s:}

In order to simplify the WWB analytical evaluation, we set s; = %, Vi (as suggested by Weiss
and Weinstein this choice typically provides a tight bound) and H = diag {h4, ..., hy} to obtain a

10



bound only on the error variances (and not covariances). It is easy to show that with these choices,
the elements off-diagonal of HG™'H” are zero while the i-th term of the diagonal is (see ):

(Ez,p {L% (z;p + hy, p)}>2

[HG'H],, = i? E, o 02 (o pibis)] (25)
The WWB thus may be re-written as
A(p(z) =W (26)
where W = diag {1, ..., Wy} and the generic diagonal term W, is (see and ):
(hEup {LF (2D + ey p)})2
W, £ sup (27)

2
WERE, { [L% (z;p + he,,p) — L2 (z;p — ey, p)} }

which coincides with [, Eq. (20)]. If E £ diag {E}, ..., Ex} is defined, with E, = [A (p(z))],,, then
is obviously equivalent to

E-W
4.2 Derivation of the WWB for N-D Maps

Consider a N-D uniform map f(p) with support R C RY; the WWB term associated to the
coordinate v is , where v € {z,v, z,...}. Adopting the Gaussian observation model

f(z|p) = N (z;p, %) (28)

with ¥ = diag {0?, ..., 0%}, the likelihood ratios appearing in become L (z; p1, p2) = %
Vp1,p2 € R. Thus the numerator of may be written as

1 ]_ 1 1
E,p {L5 (z;p + hl,el,,p)} = —/ Nz (z;p+he,X)N2(z;p,X)dp dz
’ Ar Jey J P,
! e ? / d
— e [ —
Ar P 8oz ) Jp (hy) P
1 h?
= — ——5 | A (B, 2
o (s ) A m) (29)

11



where P, (h,) = {p: f(p) > 0N f(p+ h,e,) > 0} is a slice of the integration domain P, C RNV*!
(which is the same domain involved in the evaluation of the EZZB when N = 2), at coordinate h
in the (h; p) space and the function A, (h,,R) is defined as

M (hy R) 2 / I (0)Tx (P + hyey ) dp — / dp (30)
Pu(hu)

The expectation appearing in the denominator of can be expressed as

L 2
Ezp { [L% (z;p + hye,,p) — L= (z:p — hoey, p)] } =
Eup{L(z;p+hoe,,p)} +Esp{L(z;p - hve,,p)} —
2EZ7P {L% (Z; p + hueua p) L% (Z; p - hl/ew p)}

i.e., as the sum of three terms which are denoted A, B and C, respectively, in the following. It is
important to note that

A= IEz,p {L (Za p + hl/el/7 p)}

1
= —/ / N(z;p+ hye,,X)dp dz
Ar Jr2 )P, (1)

1 1
= — dp=——X\,(h,,R
Ar /73y(hu) P~ Ir ( )

— B, {L(zp - hye,,p)} = B (31)

and

1
C = —/ N(z;p+ h,e,,X)dpdz
Ar Jr2 B, (h)

2o (2) 0
= —exp |- p
Ar 202 ) Jp,(h)

_ _h_Z (hy,R) (32)
=1 exp 207 Yo (ho,

where P,(h,) 2 {p: f(p) > O0A f(p+he,) >0A f(p— he,) > 0}, and the function v, (h,, R) is
defined as

vy (b, R) 2 / T (D) (P + hvey Tx(p — hye,)dp — / dp (33)

Pu(hy)

12



Finally, substltutlng . and . in ., we obtain that the WWB for the Gaussian
observation model (28] and the N-D map considered, has the equivalent form

2
[A— exp( }; > Ay (h,,,R)}
W, = sup
hy€R )\ (h,,R) + A— exp ( 202) Y (hy, R)
Note that coincides with [I, Eq. (22)].

(34)

4.3 Derivation of the WWB for 2-D Maps

The functions A, (h,, R) and v, (h,, R) appearing in (34) can be simplified when N = 2 and can
be related explicitly to the functions {w, ()}, {Aw,.(-)}, {hm(-)}, {Dhn(-)} introduced in I Sec.
I1] to model a 2-D map f(p).

Let us focus on the z coordinate (v = z); the integrals of A, (h,,R) and ~, (h;, R) can be
decomposed in x and y as

Az (hey, R) = // dx dy = / / dx dy (35)
l/(hV) yey xEPV(huyy)

Yo (hey R) = // dx dy = / / dz dy (36)
Py (hw) yey JzePy (hu,y)

Pu(hayy) £ {z: f(2,y) > 0N f (@ + e y) > 0} CR

where the sets

and
Po(heyy) & {x: f(2,9) > 0N f (@ +hayy) A f (@ = hyyy) > 0} CR

represent slices of P, (h,) and P, (hz), respectively. These sliced sets are composed by 1-D segments
and effectively represent 1-D maps as those described in Sec. and Sec. More precisely,
P (he,y) is composed by N, = Nj(y) segments having widths {w,(y)} and centred around the
points {¢;»(y)}, where n € N?(y).

For these reasons P, (h;,y) has the same form of a slice of the Q set (depicted in Fig. (1| for a
specific example 1-D map) and used in deriving the EZZB (see Sec. , obtained setting t = x,
u = h,. We note that:

1. each n-th segment of P, (h,,y), with n € N?(y), has width w,(y) and describes a triangle
on the (hg,z) plane (similar to Q,,), which contributes to the inner integral of a term
w (wy(y), h,) and to the inner integral of 1} a term 2w <M”T(y),hx>, where the function
w (w, hy) is defined as
w (w, he) £ (w = he) Tgsu) (ha) (37)

13



2. the n-th segment of P, (h,,y), with n € N?(y), does overlap for some values of h, with
all previous segments, generating parallelograms on the (h,,x) plane (similar to Q,,,); for
simplicity we consider only the overlap of the n-th segment with the the (n — 1)-th segment,
as done in the EZZB derivation. Each of such overlap contributes to the inner integral of
a term Wy, (Awn(y), Wn—1(y), Wni1(y), he), where wy, (Aw, wy, we, h) is defined as

h — Aw h € [Aw; Aw + ws)
Wou (AW, w1, wa, ) = { wy h € [Aw + wy; Aw + wy] (38)
wy +we + Aw —h  h € [Aw+ wy; Aw + wy + wo

in the case w; > wo; in the case wy < wy, the function w,, (Aw, wy,ws, k) has the same form
with w; and wy swapped.

For these reasons, for each value of the coordinate y, the inner integral of can be written as

> w(w, + Y wou (Dw(y), was1 (y), wasa (), ha) (39)

neNP (y) neNE(y)

whereas the inner integral of (36)) can be written as
1
2 —wp(Y), hy 40
> (5un0.n:) (40)

To obtain the expressions of A, (h;, R) and 7, (h,, R), the outer integral on variable y has to be
included:

o (ha R) / S wlwnly dy+/ Z Wow (W (Y), W1 (9), wWnss (), ha) dy  (41)

ne/\/o(y ne/\fe

hm,R_2/ Z ( h)dy (42)

nENO

Note that and coincide with [I, Eq. (23)] and [I, Eq. (24)], respectively.
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